Nonlinear registration of 3D surfaces is important in many medical imaging applications, including the mapping of longitudinal changes in anatomy, or of multi-subject functional MRI data to a canonical surface for comparison and integration. To register 3D surfaces, such as the cortical surface of the brain, one approach is to transform them first to planar or spherical objects. Internal landmarks can then be matched on these simpler parameter domains. Here we study the diffeomorphic matching of landmarks on the sphere. Our method builds on the level set technique of Leow et al. [1] for the plane. Both forward and backward matching terms are included, thus ensuring the invertibility of the representation. We demonstrate our technique on a pair of lines on the sphere. The overall approach improves on earlier work in cortical matching by allowing the matching energy to be relaxed along sulcal landmarks, minimizing distortion, and also enables point and curve landmarks to be aligned in the same general framework as densely-defined scalar fields, such as curvature or cortical thickness maps.
INTRODUCTION
Image registration to align anatomical structures is of fundamental importance in medical imaging. Such methods have enabled the pooling and comparison of data across subjects, yielding valuable information on brain anatomy and function in healthy and diseased individuals. These techniques have also been used to monitor changes within a single individual due to normal brain growth [2] , as well as to map progressive changes due to aging and illness.
Although the cortical surface is the focus of most brain mapping studies, its anatomy varies widely between individuals. Because of this, the comparison of cortical imaging data is often performed via non-linear registration techniques. For many applications, sets of sulci or gyri that are common to all normal brains are used as landmarks to guide the transformation, and the cortices are registered with the constraint that the corresponding structures be matched [3] .
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In Within this framework, the transformation . Here the coordinate 0 is taken in a fixed reference frame, while the image deforms in time. Thus defines a velocity for the particles of the fluid in which the image is considered to be embedded. Joshi and Miller [7] (see also [8] ) constructed diffeomorphic solutions of this transport equation for the landmark matching problem in Euclidean space . Their map was chosen to minimize the smoothness constraint
, where P is a differential operator, while minimizing the distance between landmarks at the final timepoint.
The diffeomorphic landmark matching procedure was first extended to the sphere by Bakircioglu et al. [9] , and the method was generalized to a coordinate independent framework in [10] . In the latter approach, the smoothness constraint is written at each time point in terms of a propagator T between points on the trajectories of the landmarks. For point-to-point matching,
template. The method was tested for point landmarks on the sphere.
For landmarks representing more general shapes (e.g. curves and subregions on the surface), we would like to be able to match the entire shape rather than enforce point-by-point matching. However, if the landmarks are not constrained to match exactly, the numerical estimation of the reverse transformation
will not necessarily yield the inverse of the original mapping from A ¢
. For elastic landmark matching in Euclidean space, Christensen and Johnson [11] (see also [12] ) solved this problem by simultaneously calculating both the forward and backward transformations, while requiring them to be inverses of each other.
In the context of large deformations, Leow et al.
[1] used the smoothness constraint described in [7] in the plane, while replacing their matching term by a sum of the backward and forward distance functions at the final positions of the template landmarks. This method was shown to significantly improve the results, relative to unidirectional matching. Furthermore, the technique described by those authors allows relaxation of the transformation energy along curved landmarks (and therefore less distortion), rather than using an explicit point-by-point correspondence.
In this work, we extend the method proposed by Leow et al. to the sphere. This paper is organized as follows. In the next section, we review the large deformation diffeomorphism method of [10] in our context, and the new landmark matching term is derived. Our method is first applied to a pair of lines on the sphere. All our results are compared to ones obtained using the method in [10] .
METHOD

Landmark matching on the sphere
In this paper, we consider transformations between 2D spheres
. The landmark problem for our case is defined as follows: consider a structure which exists on both images, which may be any combination of points, curves or surfaces on Following Glaunes et al. [10] , we use the regularization energy (3) was shown by those authors to be a geodesic distance in the group of deformation maps generated by Eq. 1.
Point-to-point matching of the landmarks is enforced by constraining the deformation to be equal to the Y U 's. One problem with this definition is that it does not take into account the fact that some of the landmark points are discretizations of higher dimensional structures such as curves or surfaces. In that case, the matching should not be done point by point, but rather for the entire structure at once. Some relaxation of the matching energy is then permitted to occur along the curved landmarks, while still fitting all of one curve to the other. Thus, a more natural way to proceed consists of calculating the unsigned distance functions
between the and the associated structure in the study. This method was used in the plane by Leow et al. [1] , and is extended to the sphere in this paper.
Furthermore, if we are to use distance functions, the matching needs to be enforced in both the backward and forward directions. The bi-directionality of the constraint ensures full matching of the geometry. To see why this is true, consider the choice an open curve as a landmark. In this case, it is possible to obtain a minimum for the cost function if the template curve is deformed to a subset of its counterpart in the study. This problem disappears if the mapping is done in both directions at once. Thus, denoting the inverse transformation by for the deformation between the initial and final landmark points are chosen. These may be for instance arcs of great circles between each of the associated initial and final landmark points. Given these trajectories, the energy
can be written in a simple form in the eigenbasis of P , as described more explicitly below. The time component of the energy integral is then computed numerically. Eq. 4 is minimized via steepest descent until the optimal trajectories are found.
More explicitly, the central piece of the calculation is the value of the spatial part of the energy integral. If we denote the eigenvectors of This energy is to be minimized given the constraint (7) Thus, the problem reduces to finding the trajectories for the landmarks which minimize the time integral of Eq.7 (see also [7] , for an analogous proof for landmark paths in 3D).
In our case, in order to obtain both the forward and backward distance functions, the quantity that we minimize is the following
where is the scale of the distance function contribution (i.e. the weighting on the data driven term relative to the regularizer).
RESULTS
To understand the differences in performance between our distance function matching approach and the exact matching one on the sphere, we evaluated the geodesic distance for a pair of curved lines on the sphere. The same landmarks were matched by each method and the results compared. Twenty landmark points were selected on each line. Figures 1 display the trajectories for both point-to-point and distance function methods. The energy of the transformation for both cases is mapped in Figure 2 and the total geodesic distance for each transformation was found to be
, respectively. Thus, the distance function mapping does significantly better than point-to-point matching. Notice also that for distance function matching, the final template points do not necessarily fall on the study landmarks.
CONCLUSION
In this paper, we described a new landmark matching method on the sphere, within the large deformation diffeomorphism framework. The use of distance functions as part of the matching constraints allowed us to create mappings that match the whole landmark curves, allowing the transformation energy to be relaxed along them. This produces correspondence maps with less spatial distortion. Furthermore, consistent backward and forward matching constraints were imposed. We applied our results to match a pair of lines and compared them to the point-to-point matching case developed in [10] . Our method showed significant improvements over the one found in that paper, partly because it allows for the minimization of distortion when matching submanifolds lying in the sphere. We are currently validating this approach for matching cortical surfaces in 3D, in studies of brain growth and degeneration as well as multi-subject functional imaging studies, where cortical registration is especially important. 
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